We study the distance of two wave functions under chaotic time evolution. The two initial states are differed only by a local perturbation. To be entitled "chaos" the distance should have a rapid growth afterwards. Instead of focusing on the entire wave function, we measure the distance d 2 (t) by investigating the difference of two reduced density matrices of the subsystem A that is spatially separated from the local perturbation. This distance d 2 (t) grows with time and eventually saturates to a small constant. We interpret the distance growth in terms of operator scrambling picture, which relates d 2 (t) to the square of commutator C(t) (out-of-time-order correlator) and shows that both these quantities measure the area of the operator wave front in subsystem A. Among various one-dimensional spin-1 2 models, we numerically show that the models with non-local power-law interaction can have an exponentially growing regime in d 2 (t) when the local perturbation and subsystem A are well separated. This regime is absent in the spin-1 2 chain with local interaction only. After sufficiently long time evolution, d 2 (t) relaxes to a small constant, which decays exponentially as we increase the system size and is consistent with eigenstate thermalization hypothesis. Based on these results, we demonstrate that d 2 (t) is a useful quantity to characterize both quantum chaos and quantum thermalization in many-body wave functions.
I. INTRODUCTION AND MOTIVATION
Quantum chaos is a subject that has attracted a lot of attention and efforts from various subfields of physics. It is important in understanding the quantum nature of black hole dynamics and plays a key role in the process of thermalization in a fully isolated quantum many-body system. The traditional method of studying quantum chaos is to analyze the spectrum correlation of the Hamiltonian. According to Bohigas-Giannoni-Schmidt conjecture, the spectrum of the quantum chaotic model shows level repulsion statistics which is universally determined by the random matrix theory of the same symmetry class 1 . However, the level repulsion statistics is a static property of the Hamiltonian and does not directly help us understand the dynamics of quantum chaos.
In a classical chaotic system, the trajectories of two states with a small initial separation can diverge exponentially under time evolution. This phenomenon is called the butterfly effect and can be characterized by the Lyapunov exponent 2 . In quantum mechanics, physical states are wave functions in a Hilbert space. Then a natural question to ask is how to define a "distance" between the wave functions, and use the distance to characterize quantum chaotic systems. A sensible definition of distance should reproduce the diverging behaviors under a quantum chaotic evolution.
The goal of this work is to give a proper definition of the notion of distance between wave functions to characterize quantum chaos. More specifically, we prepare two identical wavefunctions and perturb one of them with a local operatorÔ(x), then evolve them with the same chaotic Hamiltonian, then we expect a proper definition of "distance" will grow with time. Of course, one simple definition of "distance" is the overlap between the wave functions. However due to the unitarity of quantum evolution, the wavefunction overlap is time independent and hence can not display any growth under time evolution, including chaotic evolution. It is thus not a useful quantity to characterize quantum chaos.
On the other hand, the evolution of the reduced density matrixρ A is not unitary. We therefore measure the Hilbert-Schmidt distance d 2 (t) of the two reduced density matrices and use this to quantify the difference of two states. Our approach is based on the following observation: if we choose a subsystem A that is spatially separated from the local operator O(x), then it will take some time for a local observer in A to "feel" the difference between the two initial states. A as the starting point of our study. The same quantity was first proposed in Ref. 3 , where the authors used d 2 (t) to study the chaos dynamics in some one dimensional spin-1/2 chain model with conserved energy. In this paper, we will continue to explore this quantity in more detail, discuss its physical interpretation in the language of operator spreading and also make connection with the square of commutator (out-of-timeorder correlator) 4 .
To demonstrate this idea, we compute the time dependence of d 2 (t) and observe the growth pattern and saturation value in spin-1 2
one-dimensional chains with a finite length.
Not surprisingly, the scaling behavior of d 2 (t) is model dependent. In spin models with nonlocal interactions 5, 6 , we observe a clear exponential growing regime after the perturbation has propagated to the subsystem. By contrast such exponential regime is absent in spin models with only local interactions. This is slightly different from classical chaos, where the separation of trajectories will always grow exponentially with time. In both cases, we find that the saturation values are the distance of two independent random pure states (Page states) 7 , meaning that the initial similarities of the two states have been almost completely washed out after a long time chaotic evolution.
The growth behaviors of d 2 (t) can be understood in the operator spreading picture of the time evolved perturbation operatorÔ(x, −t) developed in Refs. 8 and 9. The operator O(x, −t) comprises of operator basis that is spreading under the chaotic evolution. Using the tools in quantum information, we are able to relate the average distance d 2 (t) over the initial Page states to the area of the wave front of the operator basis in O(x, −t) in subsystem A. The interaction controls the shape of the wave front, and hence the growth pattern of
Based on this picture, we show that d 2 (t) is related to the square of commutator
which also measures the area of the wave front for one dimensional chaotic models. This quantity can be used to detect quantum chaos and is shown to grow exponentially with time in some large N systems [10] [11] [12] [13] [14] [15] [16] . The growth rate is the quantum analog of the Lyapunov exponent and characterizes the quantum butterfly effect. Our argument relating C(t) with d 2 (t) is supported by the numerical collapse of the two curves (after rescaling) in the models we study. chain models with non-local power-law interactions.
(2) The saturation value of d 2 (t → ∞) is a small constant which characterizes the quantum thermalization in many-body systems.
This paper is structured as follows. We first define the Hilbert-Schmidt distance d 2 (t)
between two wave functions in Sec. II and then numerically study d 2 (t) in two spin-1 2 chain models with local interactions in Sec. III. In Sec. IV, we further study d 2 (t) in spin models with non-local power-law interaction. In Sec. V, we give a physical interpretation for d 2 (t) in terms of the operator scrambling picture and make the connection with the square of commutator. We summarize and conclude in Sec. VI. The appendices are devoted to the details of the calculations and techniques used in this paper.
II. DEFINITION OF THE HILBERT-SCHMIDT DISTANCE
As we explained in the introduction, we prepare two initial states |ψ 1 and |ψ 2 = O(x)|ψ 1 , whereÔ(x) is a local perturbation at position x. Our goal is to define a distance between these two states during the evolution under the same unitary operatorÛ (t).
Intuitively, the initial distance should be small because these two states only have a local difference. Under unitary time evolution, we can write |ψ 2 (t) asÔ(x, −t)|ψ 1 (t) , wherê
is the backward evolved Heisenberg operator. This operator becomes more and more non-local as evolution, suggesting a growing distance between the states. A properly defined distance should reflect these properties.
A naïve trial is to use the norm of the difference where |ψ i (t) =Û (t)|ψ i (i = 1, 2) are time evolved states. The 2-norm is related to the overlap of ψ 2 (t)|ψ 1 (t) , from which we can see that the distance does not satisfy either of the requirements proposed above. First we notice that the initial states can be orthogonal even ifÔ(x) is only a 1-bit operation. This gives zero overlap and large initial separation.
More importantly, the overlap does not change under the unitary time evolution and we end up with a constant distance.
These problems will not occur if we only pay attention to part of the wavefunction -the subsystem. A local perturbation outside the subsystem will give an identical initial reduced density matrix, thus giving a zero initial distance. Furthermore we note that the dynamics of the subsystem is not unitary: the time dependent reduced density matricesρ 1 (t),ρ 2 (t)
of |ψ 1 (t) , |ψ 2 (t) do not obey the Heisenberg equation. This motivates us to use HilbertSchmidt distance (square-norm distance) between these two reduced density matrices
as a measure of separation of states. This quantity is semi-positive definite and satisfies the triangle inequality, thus it is a well-defined distance. We will use it to explore the quantum chaos dynamics.
We expect the following development of d 2 (t) for the one dimensional system shown in Fig. 1 . The local perturbationÔ(x, t = 0) is outside of subsystem A, so at t = 0, the distance d 2 (t = 0) is strictly equal to zero. As time evolves, the operatorÔ(x, −t) spreads out in the space and as it reaches the subsystem A, d 2 (t) becomes nonzero and increases with time. After sufficient long time,Ô(x, −t) has spread over the entire space and d 2 (t) will saturate to a constant.
III. THE SPIN CHAIN MODELS WITH LOCAL INTERACTION
A. Floquet spin-
The dynamics of the Floquet (periodically driven) system is determined by the unitary time evolution operator over one period, namely the Floquet operator. Following Ref. 19, we consider the following Floquet operator:
This model is a one dimensional periodically driven system with period T = 2τ . In the numerical calculation, we choose open boundary condition with number of sites L = 24.
The system parameters are (g, h) = (0.9045, 0.8090). The parameter τ controls the period of the Floquet operator.
For both numerical and analytical convenience, we choose the initial state |ψ 1 as the Page state, which is defined as,
where the coefficients α i of the state in a fixed basis {|C i } i are random complex numbers subject to the normalization constraint, with a probability distribution invariant under a unitary basis transformation. This state has (almost) maximal entanglement entropy and was first studied in detail by D. Page 7 . |ψ 2 is obtained by acting a local Hermitian operator
at location x on |ψ 1 . We study the Hilbert-Schmidt distance d 2 (t) between |ψ 1 (t) and |ψ 2 (t) under the unitary time evolution, where the over-line denotes averaging over the ensemble of the initial Page states |ψ 1 .
Since we are considering a Floquet model, the evolution time t is an integer multiple of period, t = nT with n ∈ Z + . There are in total three parameters we can tune: the half period of Floquet system τ , the length L A of the subsystem A and the location of the local operator x. We first fix L A = 6, x = 1 and change τ . As shown in Fig. 2 We present the dependence of d 2 (t) on x in Fig. 2(b) . The time for d 2 (t) starting to increase is linearly proportional to the distance betweenσ x (x) and subsystem A. d 2 (t) will eventually saturate to the same constant independent of x. Here we provide an interpretation for this saturation value. After long time evolution, the information ofÔ(x, −t) is fully scrambled in the Hilbert space and we expect that |ψ 1 (t) and |ψ 2 (t) are close to two independent Page states. Since the reduced density matrix of Page state belongs to the fixed trace Wishart-Laguerre random matrix ensemble 20,21 , we can obtain an analytical result for
where the subsystem A and
(The detail of this calculation can be found App. B). In Fig. 2 (c), we present the saturation value of d 2 (t) of the Floquet model and we find that they match well with d 2 (ρ 1 ,ρ 2 ) of two independent Page states. In the thermodynamic limit L → ∞ while keeping L A fixed,
is exponentially small. We will explain why this constant is so small in the next section.
We further study the integrable system by tuning off the field in z direction and compare it with the non-integrable system. The early time behaviors are rather similar for both h = 0.809 (non-integrable) and h = 0 (z field off, integrable) as shown Fig. 3(a) . However, in late times, d 2 (t) saturates to constants in the non-integrable system while oscillates periodically in the integrable system. The oscillation behavior is caused by the ballistic quasi-particles created by the local operatorÔ(x). Once the information has spread over the system, the quasi-particles will bounce back and forth periodically. As a result, the length of the system and the velocity of the quasi-particles determine the period 22 .
We also consider h = 0.05 which weakly breaks the integrability and present the result in Fig. 3(b) . Initially, the dynamics is similar to the case of h = 0. As time evolves, the amplitude of the oscillation becomes smaller and vanishes after sufficiently long time evolution. We consider a relatively smaller system size L = 18 since it takes very long time for d 2 (t) to saturate. We find that the saturation value is again the same as that for two independent Page states. Therefore the integrability breaking term, albeit small, will eventually wash out the memory of the initial state and drive the system to the nonintegrable behaviors.
B. Quantum Ising model with a longitudinal field
The Hamiltonian of the quantum Ising model with a longitudinal field iŝ
We take (h x , h z ) = (1.05, 0.5) 23 and compute d 2 (t) for Page state ensemble under unitary time evolution governed by the Ising HamiltonianĤ Ising . The local perturbation is still
We present the results in studied in the previous section.
We also explore the initial state ensemble dependence of the saturation value. For the case of Ising model, we prepare another set of states that are random product states (RPS) with energy E ∈ [−1, 1]. A RPS is a tensor product of state on each site whose spin directions are uniformly distributed on Bloch sphere. It thus has zero initial entanglement entropy (EE).
We apply a perturbation on the RPS state and then compute the time dependent distance d 2 (t). The results are presented in Fig. 4(b) . The saturation values of d 2 (t) for this set of initial states is different from the ones of two random states, but it still decays exponentially as we increase the system size.
The small saturation value of d 2 (t → ∞) can be understood in the following way. For a generic system, the initial wavefunction will eventually thermalize under its own dynamics at long times 17, 18 . In particular, it has been proven that in 1 + 1d conformal field theory (satisfying generalized Gibbs ensemble 24, 25 ), the reduced density matrix of a small subsystem will relax to the thermal density matrix up to exponentially small corrections with the temperature determined by the initial energy density 26 . Therefore, if the two initial states have the same energy density, after sufficiently long time evolution, the reduced density matrix of both states will thermalize at the same effective temperature with d 2 (t) approaching to a small constant. The Ising model considered here satisfies ETH 23 . The local perturbation applied to |ψ 2 will not change energy density and gives rise to an exponentially small saturation value of d 2 (t → ∞).
Furthermore, we study the saturation value of d 2 (t) when |ψ 1 and |ψ 2 are not connected by a local unitary transformation but have the same energy density. We choose |ψ 1 and |ψ 2 to be two different PRS states. At t = 0, d 2 (t) for subsystem A is a O(1) constant.
After sufficiently long time evolution, d 2 (t) relaxes to a small constant, which decreases exponentially as L increases and is also consistent with ETH.
IV. THE SPIN CHAIN MODELS WITH POWER-LAW INTERACTION
A. Floquet spin- In this section, we consider Floquet model with power-law interaction
We fix parameter (g, h, τ ) = (0.9045, 0.8090, 0.4) and compute d 2 (t) averaged over the Page state ensemble. We take the power law exponent α = 2.0.
As shown in Fig. 5(a) , when the distance between region A andσ x (x) is large, we can observe a clear intermediate fast growing regime. It has positive curvature on the log-log scale in the inset, indicating that it is faster than any power law growth. The fact that it is a straight line on the semi-log plot confirms the existence of an exponential growth regime. This is different from the spin chain models with local interaction, where an exponentially growing regime is invisible in the parameter range we choose. The physical interpretation for this regime will be given in Sec. V.
Notice that at early time, d 2 (t) scales as t 2 (inset of Fig. 5(a) ), which can be understood by taking short time expansion forσ x (x, −t). Similar behavior is also found in Ref. 27 and we will not discuss it here.
For fixed L A , as we decrease the distance betweenσ x (x) and subsystem A, this intermediate exponentially growing regime becomes smaller and vanishes eventually. Nevertheless, d 2 (t) always saturates to the same constant, which is also the same as that of two independent Page states. We also present d 2 (t) for various L A with fixed x = 1 in Fig. 5(b) . As we increase the subsystem length L A , the distance between x and the subsystem A reduces, and therefore the exponentially growing regime becomes smaller. We observe that the growth rate is not very sensitive to the distance betweenσ x (x) and region A. 
B. Ising model with power-law interaction
We now consider a static Hamiltonian with a non-local power-law interaction,
where we fix the parameter (h x , h z ) = (1.05, 0.5) to be the same as in Eq.(3.5). We take the power law exponent α = 2.1, where we find the longest exponentially growing regime for
We still take |ψ 1 as a Page state and |ψ 2 =σ x (x)|ψ 1 . As we can observe in Fig. 6 , the non-local power-law interaction leads to an exponentially growing regime in d 2 (t), which becomes longer as we increase the distance betweenσ x (x) and region A. The saturation value of d 2 (t) is still the same as that for two independent Page states.
V. CONNECTION BETWEEN d 2 (t) AND THE SQUARE OF COMMUTATOR
In this section, we use the operator spreading picture to interpret the behaviors of d 2 (t) and relate it to the square of commutator. We will show that they are essentially the same quantity after a proper rescaling in the models we consider.
A. d 2 (t) in operator spreading picture
For simplicity, we will restrict our discussion to the spin-1 2 chain that is numerically studied in this paper, but a generalization to models with q > 2 dimensional on-site Hilbert space is straightforward.
On each site of the spin- where |B| is the Hilbert space dimension of region B. A corollary of this identity is that for any operatorÔ
This equation has been used to show the connection between the OTO correlator and operator entanglement entropy [28] [29] [30] .
Using the above identity, we are going to rewrite d 2 (t) in terms of spreading of local operator in real space. For the pure state under unitary time evolution, the reduced density matrix for region A (after tracing out region B) takes the form,
The difference of the time dependent density matrices in region A isρ 1 (t) −ρ 2 (t) = U (t)VÛ † (t), whereV = |ψ 1 ψ 1 | − |ψ 2 ψ 2 |. Therefore the time dependent distance is
The above equation is obtained by using the operator identity in Eq.(5.2) and is also diagrammatically interpreted in Fig. 7 .
By plugging the explicit form ofV into Eq.(5.4), we can expand d 2 (t) as
Take |ψ 1 as a Page state, we can use its properties (Eq.(A16) and Eq.(A17) in App. A) and obtain the following expression,
This is one of the most important results in this paper. Notice that this averaged result is state independent and depends only on the spreading ofÔ(x, −t) in the Hilbert space.
Specifically,Ô(x, −t) can always be expanded in the operator basis aŝ
For Hermitian operators on Hermitian basis {Ĥ j }, the components α j (t) are real numbers and they satisfy the normalization constraint j α j (t) 2 = 1. The trace with the basis {B i } evaluates the component ofÔ(x, −t) that is completely confined in region B. Therefore d 2 (t) is proportional to the weights of the operator basis that is not entirely in region B.
The spreading of operatorÔ(x, −t) depends on the behavior of the coefficients α j (t) and gives rise to an effective hydrodynamical description in one dimensional chaotic systems 8,9,31,32 . As time evolves, the string operators dominating the sum in Eq. (5.7) grow spatially and we can define the end point distribution to measure the spreading of
which counts all the components of the basis that ends at site s at time t. It is subjected to the normalization
and can be interpreted as the (coarse grained) probability distribution of operators in O(−x, t) that ends at location s at time t. One can similarly define the left end distribution f L (s, t).
Initially, the local operatorÔ(x) only occupies one operator basis on one site. In early time, almost all operators contained inÔ(x, −t) are confined in region B, hence d 2 (t) is small. Under the chaotic evolution, the end points distribution should move outwards on the left and right ends. Fig. 8 is the schematic of the shape of the distribution at late times. If the right end points of most operators are moving to the right, the distribution f R (s, t) should have a sharp wave front. Once the wave front crosses the cut at y, there will be an appreciable fraction of operators inÔ(x, −t) that has spread into region A, which contributes to the rapid growth of d 2 (t). In fact, the area of the wave front cut by the boundary of A and B is proportional to d 2 (t),
The schematics of the wave front f L (s, t) and f R (s, t) ofÔ(x, −t).
After sufficiently long time evolution, we expect that all the string operators inÔ(x, −t) have spanned the entire system. This means that f R (s, t) is localized at s = L and d 2 (t) saturates to
This is consistent with analytical result of the distance of two independent Page states (see
App. B)
B. d 2 (t) and square of commutator
We would like to compare d 2 (t) with another interesting quantity, the square of commutator
where we takeÔ (y) as a local Pauli operator sitting at position y that does not evolve. We will just take it beσ x . In the operator basis we choose, only those do not commute witĥ O (y) will contribute to C(t), i.e.,
Under the chaotic evolution, it is reasonable to assume that the probability of havingσ x,y,z andÎ are essentially the same 33 . As a result, roughly half (in total weight) of the operators going across the position y will contribute and hence
We therefore show that d 2 (t) is essentially the rescaled version of C(t) with the same distance |y − x| in these chaotic systems
The numerical verification of the collapse is shown in Fig. 9 and Fig. 10(a) . Notice that C s (t) we compute is averaged over Page ensemble,
which is equivalent to C(t) defined in Eq.(5.12) (using the identity Eq.(A16)). The collapse is an evidence that both d 2 (t) and C(t) measure the area of the wave front in the chaotic many-body systems.
One interesting question is: how does d 2 (t) or C(t) grow with the time? Based on the arguments above, we can see that it depends on the shape of the operator wave front and the way it propagates, which is ultimately determined by the form of the interaction.
For spin- . This is consistent with recent study in the random tensor network with local unitary time evolution, where f R (s, t) in the coarse grained picture is the probability distribution generated by a biased random walk 8, 9 . The distribution f R (s, t) is a moving Gaussian packet with the width of front broadened diffusively and there is no clear exponentially growing regime in C(t).
However, non-local power-law interaction changes the story. As shown in Fig. 9 (b) and 9(d), when the distance between x and y is large, we find a clear exponentially growing regime in both d 2 (t) and C(t). This is because the power-law interaction generates a wider wave packet in f R (s, t). We expect that when |y−x| is large, the front has a near-exponential shape. To verify this point, we investigate d 2 (t) and C(t) for different distances |y − x| at the same time t. As shown in Fig. 10(b) , the area of the wave front in regime A decreases exponentially as we increase the distance |y − x|. The slope seems to be invariant as we increase time t.
The near-exponential shape of the wave front is responsible for the exponentially growing regime in d 2 (t) or C(t), with the growth rate as the so-called quantum Lyapunov exponent, which is also found in some quantum many-body models in the large N limit [10] [11] [12] [13] [14] [15] [16] but is Ising L = 20, L A = 2, x = 1 local interaction Floquet L = 24, τ = 0.4 power-law interaction In most of the results, we use the Page states to compute d 2 (t) for both simple numerical implementation and analytical control. They are however difficult to be generated in experiments. To resolve this issue, we also consider d 2 (t) averaged over thermal states, which in comparison are more physical and much easier to be realized in the experiments. We prepare the thermal states by evolving the RPS states under unitary time evolution. After sufficiently long time evolution, these states will thermalize and can be used as the initial state for d 2 (t). These thermal states share similar properties with the Page states but are subjected to some conservation laws determined by the Hamiltonian. In Fig. 9 Moreover, we show that after sufficiently long time evolution, d 2 (t) will approach a small constant, indicating the thermalization of a small subsystem in a many-body quantum state.
We further use operator scrambling picture to show that d 2 (t) is the rescaled area of the wave front of the evolved local perturbation operator. The same interpretation also applies to the square of the commutator C(t) under chaotic evolution. Hence the growth scaling of d 2 (t) is determined by the shape of the wave front, which is ultimately determined by the form of interactions. From the collapse of the numerical data of C(t) and d 2 (t),
we conclude that the exponent in the exponential growing region of d 2 (t) is the quantum Lyapunov exponent which was previously observed in some large N models.
Moments of the probability measure
The ψ|Ô|ψ and ψ|Ô 1 |ψ ψ|Ô 2 |ψ can be converted to the average over the coefficients of the Page state, e.g. 
So we only need A 2 or B 2 .
We first compute the normalization constant, which is proportional to the area of sphere 
where n is the Hilbert space dimension |H| in the main text.
